Abstract. We investigate the solutions, survival probability, and first passage time for a two-dimensional di↵usive process subjected to the geometric constraints of a backbone structure. We consider this process governed by a fractional Fokker-Planck equation by taking into account the boundary conditions ⇢(0, y; t) = ⇢(1, y; t) = 0, ⇢(x, ±1; t) = 0, and an arbitrary initial condition. Our results show an anomalous spreading and, consequently, a nonusual behavior for the survival probability and for the first passage time distribution that may be characterized by di↵erent regimes. In addition, depending on the choice of the parameters present in the fractional Fokker-Planck equation, the survival probability indicates that part of the system may be trapped in the branches of the backbone structure.
Introduction
Di↵usion is one of the most important phenomena in nature, which depending on the situation can be usual [1] or anomalous [2] . The usual di↵usion described, e.g., in terms of Langevin and Fokker-Planck equations [1] is connected to a Markovian process and has as main characteristic the mean square displacement (MSD) with a linear dependence on time, i.e., h(r hri) 2 i ⇠ t. The anomalous di↵usion is characterized by a nonlinear behavior for the mean square displacement, h(r hri) 2 i / t ↵ , with ↵ 6 = 1 (↵ < 1, ↵ = 1, and ↵ > 1 correspond to sub, normal, and superdi↵usive processes, respectively). In general, anomalous di↵usion has been investigated by using several approaches such as generalized Langevin equations [3] , fractional [4] - [6] or nonlinear [7] Fokker-Planck equations, and continuous time random walks [8] . In the previous cases, as pointed out in [9, 10] , knowledge of only the probability distribution function or the MSD may not be enough to provide all the information needed to understand the behavior of the system. In this sense, the survival probability and the first passage time (FPT) problem have been shown to be important tools to study and characterize the processes present in the systems that exhibit anomalous di↵usive behavior. Typical examples include complex networks [11, 12] , fractal structures [13, 14] , animal foraging behavior [15] - [17] , di↵usion in membranes [18, 19] , scale-invariant processes [20, 21] , transport properties in biological cells [22] - [24] , financial markets [25, 26] , dynamics of cancer proliferation [27, 28] , and reaction-di↵usion kinetics [29, 30] . In particular, FTP analysis was used to distinguish the transport properties of two models of anomalous di↵usion with the same probability distribution function in the long time limit [10] , to compare the nonlinear di↵usion equations of nonadditive entropies with the fractional di↵usion model (once the Green functions of these equations leads to the exactly same MSD relation) [31] and as an unambiguous way to discriminate between microscopic models of subdi↵usion [32] .
Here, we investigate the solutions, survival probability, and the FPT distribution for a two-dimensional di↵usive process subjected to the geometric constraint of a backbone structure (comb-model, see figure 1 ). This model was initially introduced to investigate anomalous di↵usion in percolation clusters with topological bias [33, 34] wherein, according to [35] , the backbone of the comb mimics the quasilinear structure of the cluster's backbone, and its branches assume the role of the dangling ends (or trappings) of the percolation cluster. Then, a di↵usive process subject to this structure is described by the following modified Fokker-Planck equation, as proposed in [36] :
where K y and K x are di↵usion coe cients in the x and y directions. The presence of the Dirac delta in equation (1) implies that the di↵usion in the x-direction only occurs when y = 0. Consequently, the di↵usion in the y-direction always occurs perpendicularly to the x-axis, thereby characterizing a comb-like structure. It is also interesting to mention that the e↵ective probability distribution along the x-axis can be connected to the one obtained for a fractional di↵usion equation with anomalous di↵usion exponent 1/2 (see [36] ). This result was generalized in [37] , where a space-time fractional Fokker-Planck equation is derived from the comb-model.
As the intrinsic geometry of this model is a mechanism of anomalous di↵usion, we can take advantage of this fact to consider in the same model other mechanisms that can lead to anomalous dynamical properties. For instance, in biological cells [38, 39] , where the structure of intracellular environments is crowded and highly heterogeneous, the interactions among molecules and organelles are very complex producing di↵erent types of di↵usion processes. In this sense, we analyze the following extension of equation (1):
from which a rich class of di↵usive processes can be obtained, where K y and K x are the di↵usion coe cients and 0 D (· · ·) are fractional time derivatives. In particular, we consider the Riemann-Liouville one [40] , i.e.:
doi:10.1088/1742-5468/2013/09/P09017with k 1 < < k. Equation (2) extends equation (1) by incorporating fractional time derivatives that may be connected to several non-Markovian processes and, consequently, the ones worked out in [41] - [43] . In this case, we have considered di↵erent exponents of the time derivatives ( x and y ) in order to represent anisotropic systems where the kind of time correlations may depend strongly on the direction. In addition, fractional time derivatives have been recently applied to describe the anomalous di↵usion in spiny dendrites [44, 45] . Similar to equation (1), the e↵ective probability distribution which emerges from equation (2) along the x-axis can be connected to a fractional di↵usion equation with anomalous di↵usion exponent dependent on x and y . The boundary conditions used to investigate the solutions of equations (1) and (2) are ⇢(0, y; t) = ⇢(1, y; t) = 0, and ⇢(x, ±1; t) = 0, which are characterized by an adsorbent surface at x = 0. We also consider an arbitrary initial condition ⇢(x, y; 0) = (x, y), where (x, y) is normalized.
This work is organized as follows. Section 2 is devoted to investigate the solutions, mean square displacement, survival probability, and FPT distribution obtained from equations (1) and (2) . In section 3, we present our discussions and conclusions.
Survival probability and first passage time
Let us start our analysis by considering equation (1) , which corresponds to a particular case of equation (2) for y = 1 and x = 1. Afterwards, we extend our discussion to equation (2) by taking y 6 = 1 and x 6 = 1 into account. This discussion is accomplished with the previous boundary and initial conditions. The solution for equation (1) , subjected to the conditions previously mentioned, can be obtained by using integral transforms (Laplace and Fourier) and the Green function approach. In fact, applying the Laplace transform it is possible to show that
Equation (4), by using the Fourier transform, can be written as
and, consequently, y = 0 leads us to
By using the Green function approach, the solution of equation (6) is given by
where the Green function, G b (x,x; s), is obtained from the following equation: subjected to the conditions
Using the sin-Fourier and after performing some calculations, it is possible to show that equation (8) is satisfied by
Performing the inverse sin-Fourier transform in the previous equation, we obtain that the Green function, which governs the di↵usive process in the x-axis, is given by
and, consequently,
Note that the e↵ective distribution which emerges in the Laplace space from equation (11) after performing an integration in the y variable corresponds to the one obtained for the one-dimensional fractional di↵usion equation with the anomalous di↵usion exponent 1/2 for a system in a semi-infinity region for the initial condition (x, y) =¯ (x) (y). A similar situation for the e↵ective distribution along the x direction has been verified in [36] for the boundary conditions ⇢(±1, y; t) = ⇢(x, ±1; t) = 0. It is also interesting to mention that using the solutions presented in [36] it is also possible to obtain the solution for equation (4) by employing the image method [46] when the previous initial condition is considered. Applying the inverse Laplace transform in equation (9), we obtain that
(see the appendix for some details about the Fox H function). By using the previous results, the solution of equation (1) can be written as (14) doi:10.1088/1742-5468/2013/09/P09017 Figure 2 . Behavior of equation (17) considering K x = 10, K y = 0.1, and the initial (x, y) = (x x) (y ȳ) withx = 1 andȳ = 1.2. The red and blue lines indicate the di↵erent regimes of the survival probability.
where
Note that the presence of the first term in equation (14) depends on the initial condition and, in particular, it is absent for ⇢(x, y; 0) = ⇢ x (x) (y). Another interesting point connected with this term is the presence of di↵erent regimes in the survival probability and in the FPT distribution. As we will see below, this feature implies that, depending on the initial distribution of the system, it can present di↵erent behavior for these quantities due to the presence of di↵erent di↵usive behavior manifested by the system, see figures 2 and 5. The MSD of the x-direction,
2 i, associated with equation (14), for (x, y) = (x x 0 ) (y y 0 ), is given by
In the asymptotic limit of t ! 1, the previous expression can be approximated to Figure 3 illustrates the time behavior of equation (15) . Note that the red line was incorporated to evidence the asymptotic di↵usive regime which corresponds to doi:10.1088/1742-5468/2013/09/P09017 equation (16) . This anomalous exponent 1/4 can also be obtained for a three-dimensional comb model in the unlimited space [47] . However, in our case the anomalous exponent is less than in the usual two-dimensional comb due to the presence of an adsorbent surface. Now, we obtain the survival probability and the FPT distribution of the processes described by equation (14) . Beyond the analytical solutions in terms of integral equations, we also show the algebraic tails (scaling laws) for the asymptotic time dependence by using the method reported in [48] . For the survival probability, i.e., S(t) = R 1 0 dx R 1 1 dy ⇢(x, y; t), we obtain that
whose asymptotic behavior for long times is given by (17) considering K x = 10, K y = 0.1, and the initial (x, y) = (x x) (y ȳ) withx = 1 for di↵erent values ofȳ in order to show the influence of the initial condition on the behavior of the survival probability. The blue, red, and black lines correspond to the casesȳ = 0,ȳ = 0.5, andȳ = 1.2. and which, depending on the initial condition and the time scale considered, may be governed by the usual, S(t) ⇠ t 1/2 , or the enhanced, S(t) ⇠ t 1/4 , survival probability (first and second term present in equation (18), respectively) in the limit t ! 1 with Figure 2 illustrates the behavior of equation (17) for values of K x , K y ,x, andȳ. From this figure, we observe the presence of di↵erent di↵usive regimes. One appears for short times and the other for long times as indicated by the (red and blue) lines present in figure 2. In particular, the long-time behavior corresponds to the second term in equation (18), since the first term for t ! 1 has not a relevant contribution. The asymptotic behavior may also be obtained from the results presented in [36] by using the image method [46] to obtain the solution for the semi-infinity region or also by simple scaling arguments [49] once the model is related to the continuous time random walk along the x-direction with anomalous exponent 1/2. In figure 4 , we illustrate the behavior of equation (17) for di↵erent choices ofȳ, which correspond to di↵erent positions for the initial condition. The results obtained by choosing di↵erent values ofȳ show that the presence of di↵erent regimes depends on the choice of the initial condition. Moreover, a similar unusual asymptotic decay of the survival probability was reported in [50] , where a velocity field (shear flow) is consider in the Fokker-Planck equation. However, in this work the result is obtained only due to the intrinsic geometrical constraints of the model.
The FPT may be obtained by using the definition F(t) = @ t S(t). After some calculations, it is possible to show that the FPT distribution connected to equation (17) is given by
The asymptotic behavior of the previous equation for long times is given by
Similar to the previous result obtained for the survival probability, depending on the initial condition the first or the second term may govern the asymptotic behavior of equation (20) . In this sense, we can recover the results for the asymptotic behaviors of two di↵erent models of anomalous di↵usion due to geometric constraints presented in [10] . The first one, F(t) ⇠ t 3/2 , is related to the random walk and the second one, F(t) ⇠ t 5/4 , is related to the comb model (continuous time random walk description). Figure 5 illustrates the behavior of equation (19) by considering, for simplicity, the values of K x and K y used in figure 2 . Similarly to the results exhibited in figure 2 , it presents two di↵erent regimes connected to the choice of the initial condition of the system. These results mean that after an initial transient time some particles spend long periods trapped in the y-axis before being finally adsorbed in x = 0. Now, we consider the general case where y 6 = 1 and x 6 = 1. In this manner, we are able to investigate how possible mechanisms of memory can a↵ect the di↵usive behavior in the backbone structure, i.e., we introduce memory e↵ects connected to the fractional time derivatives present in equation (2) . For this case, after some calculations, it is possible to show that the solution is given by
and
Similar to the previous case, the MSD for the processes connected to equation (21) with (x, y) = (x x 0 ) (y y 0 ) is given by
doi:10.1088/1742-5468/2013/09/P09017 Figure 6 . Behavior of the equation (25) considering K x = 10, K y = 0.1, and the initial (x, y) = (x x) (y ȳ) withx = 1 andȳ = 1.2. The blue and green straight lines were incorporated in this figure to indicate the asymptotic behaviors of the variance.
where ⌘ = x y /2. In the asymptotic limit of t ! 1, we obtain that
For this case the asymptotic time dependence is characterized by both anomalous exponents x and y . Note that the presence of memory e↵ects in the branches and in the backbone can lead to the slower di↵usion in the system. In figure 6 is illustrated the time behavior of equation (25) for values of x and y . An interesting point is the presence of a stationary situation for the 2 x depending on the choice of x and y . Stationary behaviors (saturation plateau) and subdi↵usion with the MSD scaling exponent around 1/4 can be related to the confined motion and the molecular crowding, as has been reported in single-particle tracking experiments in living cells [51, 52] . Particularly, the authors in [53] show that these anomalous relaxation dynamics are influenced by combined e↵ects of the molecular crowding (due the presence of worm-like micelles) and the optical traps (optical tweezer setup). In fact, these nontrivial features of the interplay between memory e↵ects and geometric constraints also appear in the survival probability and the FPT distribution connected to the process described by equation (21) . Therefore, by using the previous definitions, these transport properties are given by
For equations (27) and (28), the asymptotic behavior for long times is governed by
In figure 7 we illustrate the behavior of the survival probability of equation (27) for the case x = y /2 with y = 1 and x = y = 1. For the first case, we verify that the behavior of S(t) in the asymptotic limit of long times is a constant, in contrast to the second case. This feature suggests that the memory e↵ects can enhance the survival probability, i.e., part of the system remains trapped in the branches and, consequently, is not absorbed by the surface present in x = 0. The asymptotic behavior is governed by S(t) ⇠ 1/t ⌘/2 and is influenced also by temporal correlations in the branches, which are represented by the exponent y . This fact together with the results of equation (19) suggest that for this model a nontrivial behavior of the survival probability due to memory e↵ects can appear independently on the choices of initial condition and time scale, whereas the e↵ects geometrical constraints may be neglected depending on these choices. The same analysis can be applied for the FPT given by equation (28).
Discussion and conclusions
We have investigated the solution, MSD, survival probability, and the FPT distribution of the di↵usive processes connected to equation (2) , where a backbone structure and fractional time derivatives are present. These quantities were obtained by considering the system in a semi-infinity region in the x-direction with an adsorbent boundary condition in x = 0 for an arbitrary initial condition. Even for the simplest case, x = y = 1, nontrivial results are obtained due to the geometrical constraints. Depending on the initial condition, the system may exhibit di↵erent di↵usive regimes: one for small times and the other for (29) considering K x = 10, K y = 0.1, and the initial (x, y) = (x x) (y ȳ) withx = 1 andȳ = 1.2 in order to show the influence of the initial condition on the behavior of the survival probability. The blue and red lines correspond to the asymptotic behavior of the survival probability for long times.
long times, as indicated in figures 2 and 5 by the straight lines (blue and red). In this sense, figure 4 shows that one of these regimes connected to the initial condition may not be manifested. After, we have added memory e↵ects by considering the general case x 6 = 1 and y 6 = 1 where we showed that, depending on the choice of x and y , particles can remain trapped in the branches of the backbone structure and consequently not be absorbed by the surface present in x = 0. This feature is illustrated in figures 6 and 7 for x = y /2, which leads us to a constant value for 2 x (t) and S(t) in the asymptotic behavior of long times. From these figures we also observe that the MSD increases with the same scaling exponent as for the survival probability decrease. This means that the presence of memory e↵ects can slow down the di↵usive motion in the x-direction, consequently enhancing the survival probability. Moreover, our results also suggest that the choices of the initial condition and the time scale play important roles in the detection of the anomalous dynamics due to geometrical constraints and memory e↵ects. Finally, we hope that the results presented here may be useful in the discussion of the systems where the backbone structure and anomalous di↵usion are present, and in the study of memory e↵ects in di↵usive systems with traps.
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Appendix. Fox H function
The Fox H function (or H-function) may be defined in terms of the Mellin-Branes type integral [54, 55] 
